Abstract Symplectic approach has emerged a popular tool in dealing with elasticity problems especially for those with stress singularities. However, anisotropic material problem under polar coordinate system is still a bottleneck. This paper presents a subfield method coupled with the symplectic approach to study the anisotropic material under antiplane shear deformation. Anisotropic material around wedge tip is considered to be consisted of many subfields with constant material properties which can be handled by the symplectic approach individually. In this way, approximate solutions of the stress and displacement can be obtained. Numerical examples show that the present method is very accurate and efficient for such wedge problems. Besides, this paper has extended the application of the symplectic approach and provides a new idea for wedge problems of anisotropic material.
Lim and Xu
6 reviewed the symplectic approach, and introduced more details on the applications and developments. The symplectic approach for elasticity has been introduced for years, however, there are still many limitations. A notable one should be the stress singularity analysis of anisotropic material in the polar coordinate system, i.e. the wedges and cracks in anisotropic materials. Because when the symplectic approach is applied, the Hamiltonian matrix varies with the angle coordinate if the discussed material properties are not constants like isotropic materials, as a result, the analytical solution cannot be found. Although the anisotropic case can be solved approximately 7 or numerically 8, 9 by using other methods such as complex variable method or finite element method, however, the merits of symplectic approach, such as symplectic orthogonality etc., are also missed. This paper discusses an anisotropic multi-material wedge under antiplane deformation by using the symplectic approach coupled with the subfield method. The material around wedge tips is divided into several subfields in which material properties are regarded as constants. In this way, the Hamiltonian matrix is unchanged along the angle coordinate and the symplectic approach can be applied, besides, the symplectic orthogonality is still available. The corresponding solving system is constructed and the approximate analytical a) Corresponding author. Email: ywa@dlut.edu.cn. A multi-material wedge in a thick plate composed of N anisotropic materials is shown in Fig. 1 , where each material is described by its own sub-coordinate system. For example, material 1 occupies the field 0 θ α 1 in coordinate C 1 and material N occupies 0 θ α N in C N . The fundamental equations of an anisotropic wedge under antiplane deformation includes the constitutive equation
where θ is the coordinate and subscript i represents material M i , and it will not appear in the derivations afterward except the case where it may cause confusion. Equation (1) can be written in matrix form as
where
Strain-displacement relation is
And homogeneous boundary conditions and compatibility conditions are τ θz = 0, on the free edges,
, at the interfaces. (6) In order to introduce the symplectic solving system, we first introduce the following transformations
where r is the coordinate. The differentiation of Eqs. (1) and (4) with respect to ξ yields
Then we get the symplectic dual equation of the state vector Z = w S rz
The approach of separation of variables is applied to solve Eq. (10), let
we have
where μ is an eigenvalue, and ψ(θ) is the corresponding eigenvector satisfying the requirements of the eigen equation (13) 
Because D 11 , D 12 , D 22 are regarded as constants, the matrix H can be proven to be a Hamiltonian matrix. The roots of the above equation are
Hence, the general solution of the eigenvector is specified by
Of course, the general solution should also satisfy the eigen equation (13). After substituting ψ into the eigen equation, we have
The eigenvectors satisfy the symplectic orthogonality which, however, is not the main concern in this study and will not be presented, more details are referred to Ref.
1. Now, the general eigenvector of material M i can be expressed by the two coefficients A i and B i . Substituting the general solution into the compatibility conditions between material M i and M i+1 gives 
). Hence the coefficients of material N can be expressed by those of material 1 in a chain like form as
In this way, the general solutions of material 1 and N can be expressed by the two unknowns, then substituting the general solutions into the boundary conditions yields
Let det(M ) = 0 gives the governing equation of μ. Solve the governing equation, then the eigenvalue can be obtained. Obviously, the eigenvalue 0 < μ < 1 brings stress singularities. In order to illustrate the present method, we first introduce a simple example where an anisotropic material crack is considered, material constants are G 23 /G 13 = 10 , and the exact solution 10 is μ − 1 = −0.5. The material around crack tip is divided into N subfields. In Table 1 , the numerical solutions are listed, it is clear that when N = 20, solution is good and it converges to exact solution if N > 44 . In Fig. 2 , the same information is given to make it clearer that the accuracy can be improved by selecting more subfields, if doing well, it will converge to the exact solution.
Another more complex example is also given to illustrate the present method. As shown in Fig. 3 , a bimaterial wedge composed of two different anisotropic materials is considered. The material properties are G 23,1 /G 13,1 = 5, G 23,2 /G 13,2 = 10 , G 23,2 /G 23,1 = 1. The analytical solution 10 is μ − 1 = −0.300 78. Each material is divided into N subfields which is not necessary but makes the expression clearer. The present solutions and errors are listed in Table 2 which has shown that the present method is accurate and efficient for such anisotropic material wedge problems. In conclusion, anisotropic wedges under antiplane shear are discussed by using a subfield symplectic approach. According to the numerical results, this method is accurate and efficient for such problems. This paper extends the application of the symplectic approach to anisotropic materials in the polar coordinate system, and provides a new idea dealing with wedge problems of anisotropic materials. Furthermore, this approach with due modifications is expected to be used for other problems, such as anisotropic wedges of thin plates which will be reported in the future.
